In this survey we present an overview of recent work in resolving certain questions that arise in a qualitative study of solutions to the abstract Cauchy problem. Focusing on motions of CO-semigroups of operators and their asymptotic behavior, we address (1) the characterization of asymptotically almost periodic motions and (2) the characterization of those asymptotically almost periodic functions for which this property carries over to their integral. Moreover, we take up the problem raised by Nemytskii and Stepanov as to when the w-limit set of a motion of a dynamical system is a minimal set of almost periodic motions.
INTRODUCTION
We shall discuss essentially three problems pertaining to the asymptotic behavior of solutions to the abstract Cauchy problem. In order to set these problems into perspective, we recall a basic fact from the theory of semigroups of operators.
If, for a given Banach space X, a linear operator A : D(A) c X + X is the infinitesimal generator of a Ca-semigroup (S( t )), > o of continuous linear operators from X into X, then, for any x0 E D(A), the
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i Elsevier Science Publishing Co., Inc., 1986 (unique) strong solution of the abstract Cauchy problem i(t) = Ax(t) for t > 0, r(0) = xa associated with A is given by the motion x( .) = S( .)x0 of (S(t)), r a through x0. (In the nonlinear case, a suitably modified result is true; see [5] or [24, Chapter III] .) In a qualitative study of the solution, one of the problems is to determine its asymptotic behavior as t tends to infinity. A basic concept in use is that of the so-called (positive) w-limit set w+(xa) = { y E X Ithere exists 0 < t, -+ co such that S(t,)r, --, y } of all possible limit points, the basic result being the following:
(1) If the orbit y+(xO) = {S(t)x, It > 0) of the motion is relatively compact, then a+(~,-,) is nonempty, compact, connected, and invariant.
Note that relative compactness of y + ( x0) implies:
(*) For all sequences 0 < t, + co, there exist a subsequence (tn,)k and an element y E X such that S(tnk)rO -+ y in X.
A qualitatively much stronger mode of asymptotic behavior results if not only y+(xO) is relatively compact in X, but (2) if the set H+(S(.)x,) = { S,(.)x,]o > 0}, S,(t)x, = S(t + w)x,, of all translates of the motion is a relatively compact subset of the space (C,(W +, X) , II II,>. In th is case, proposition (*) can be strengthened to the following proposition: (**) For all sequences 0 < t, + co, there exist a subsequence (tn,)k and a function h E C&R +, X) such that St,,(t)ro + h(t) uniformly over t E lR +.
This observation raises the following problems: PROBLEM I. Characterize those f E C,(R +, X) for which (Ia) H+(f) is relatively compact in (C&R+, X), )( I],); (Ib) H+(f) is weakly relatively compact in (C,(lR +, X) , ]I I],); (Ic) H+(x*f) is relatively compact in (C&R +), I] I],) for all x* E X*.
PROBLEM II. Consider the inhomogeneous initial-value problem i(t) = Ax(t)+ f(t) for t >O,
What are conditions on A, f, and (possibly) X and x0 in order for the solution x( .) : [w + + X to fulfill any of the properties (Ia), (Ib) or (Ic)? In particular:
(IIa) Under which conditions on f and X is any of the properties (Ia), (Ib), or (Ic) inherited from f by its integral (A = O)?
(IIb) Under which conditions does a motion S( .)x, x E X, of the semigroup (S(t)), a 0 fulfill any of (Ia), (Ib), or (Ic) (f = O)?
For the group case R, i.e., for functions defined on all of R, and for one-parameter groups (G( t))t E R of operators, the (Ia) parts of Problems I and II have classical solutions in the context of H. Bohr and S. Bochner's theory of almost periodic functions. The semigroup case of [w +, however, will turn out to be significantly different from the group case, so that Problems I and II require new techniques.
It will turn out that the fundamental concept for treating Problem I is that of an asymptotically almost periodic function. Since it is easy to see that the positive w-limit set o' (x) of an asymptotically almost periodic motion S(.)x of a semigroup (S(t)),,, is a minimal set of almost periodic motions (Theorem 3.1.3 in Section 3), the following problem, posed by V. V. Nemytskii and V. V. Stepanov, is closely related to Problems I and (IIb):
PROBLEM III (Nemytskii and Stepanov [18] ). Given a dynamical system 71: R x X -+ X on a complete metric space X, characterize those motions r(. , x), x E X, whose positive o-limit set W'(X) = {y E Xlthere exists 0 < t, -+ co such that 7~(t,, x) + y} is a minimal set of almost periodic motions.
The purpose of this paper is to give a survey of results on these three problems.
Section 1 contains the complete solution of Problem I. In Section 2, we discuss Problem (IIa), including a complete solution to the (Ia) part of the problem.
In Section 3 we shall present the solutions to Problem III and to the (Ia) part of Problem (IIb).
The paper is written in survey form, except that the ideas of proof of some of the mainstream results will be presented. Details are to be found in [20, 21, 221 .
NOTATION.
We recall the following standard notation that will be in use throughout the paper.
(1) Given completely regular Hausdorff spaces S and T, C(S, T) will denote the space of all continuous functions from S into T, and C,( S, T ) the subset of those f E C(S, T) that have relatively compact range.
(2) For T completely regular Hausdorff and X a Banach space, (C,,(T, X), 11 11,) denotes the Banach space of all bounded continuous functions from T into X, endowed with the sup-norm topology generated by Ilfll,=sup{llf(t)llI~~T}.
For fEC@,X) [respectively, fECW+, XII, we denote by f, its o-translate f,(t) = f( t + w), and its set of translates by H(f)={f,~oElR} [respectively, H+(f)={f,Iw>O}] . (3) Finally, for S locally compact Hausdorff, and X a Banach space, C,(S, X) denotes the space of all f E C(S, X) that vanish at infinity.
ASYMPTOTIC ALMOST PERIODICITY
This section is devoted to a study of Problem I, with attention restricted to the Banach-space case. (For the more general locally convex setting, see [20] .) Thus, throughout this section, X will denote a (real or complex) Banach space.
We start by recalling the classical results for the group case Iw.
Almost Periodic Functions
For functions defined on all of [w, Problem (Ia) We now turn to the semigroup Case of [w +.
1.2.
Asymptotically Almost Periodic Functions Obviously, Theorem 1.1.2 implies that, whenever g E AP(IW, X), then
of translates relatively compact in (C,,(Iw +, X), I( I), ). The same conclusion trivially holds for any function $ E C,,(lK! '~, X ).
Thus, whenever f = gl,. + + with g E AP((W, X) and + E C&l%', X), then
Ht (f) is relatively compact in C,([w +, X). In solving Problem (Ia), our first result (Theorem 1.2.2 below) will show that this is exactly the class of functions f E C([w +, X) that fulfill the requirement of (Ia).
We start from the following fundamental concept that replaces the notion of an a.p. function in the semigroup case. 
For a function f E C([w *, X ), the following pro-positions are equivalent:
(a) f is asymptotically almost periodic.
is relatively compact in (C,([w +, X) 
, 11 II,). (c) There exist uniquely determined functions g E AP(IW, X) and + E C,(lw', X) such that f = gl,+ + +.
This result both solves Problem (Ia) and connects the notion of asymptotic almost periodicity with the classical theory of almost periodic functions.
For scalar-valued functions, Definition 1.2.1 and Theorem 1.2.2 are due to M. Frechet [13, 141. We present now the main argument of proof for the equivalence of propositions (a) and (b) of Theorem 1.2.2. It is based on the following compactness criterion. Since the missing interval [0, N] can be taken care of by uniform equicontinuity of H+( f ), we conclude from Theorem 1.2.3 that H+(f) is relatively compact in (C&R +, X), II II,>.
For the converse, assume now that (b) of Theorem 1.2.2 is fulfilled, and let E > 0. Then, according to Theorem 1.2.3, choose a finite covering (T,), G i G n of R+,and tiETi, ie {l,..., n},suchthat
~20, all t E Ti, and all i E {I..., n}. Then, let M = I = max{ t,,. . ., t,} and P = u;z'=l(q -tofIR+.
P is relatively dense in R +, for if t E R +, then t + 1 E Ti for some i, and t < (t + Z) -ti < t + 1, and, by definition of P, (t + Z)-ti E (ZJ -t,)nR + c P. Also, the elements of P serve as s-almost periods: let t~ [M,cc) , and TEP, 7=s-ti with SET, for some i~{l,...,n}, and note that t -ti > M -ti > 0. We conclude that which shows that f E AAP(R +, X), and thus completes the proof. We note in passing that, again using the compactness criterion Theorem 1.2.3, an analogous proof works for almost periodic functions, which thus considerably shortens existing proofs of Theorem 1.1.2.
1.3.
Weak Asymptotic Almost Periodicity For Problems (Ib) and (Ic), we essentially refer the reader to [20, 211, except for the relevant definitions and the characterization of functions with property (Ib). Here, ext B,, denotes the set of extreme points of the dual unit ball of X.
In closing this section, let us mention that S. Goldberg and P. Irwin [15] also considered a class of weakly almost periodic functions that, in our terminology, are just the E.-w.a.p. functions with relatively compact range. 
(a) X does not contain an isomorphic copy of c,, if and only if for all f E AP(IW, X) with F(t) = Jif(u)du bounded, F E AP(IW, X). (b) Zf f E AP(IW, X ) and F( t ) = ,/df( u) du has weakly relatively compact range in X, then F E AP(IW, X

Let f = gl,+ + (p E AAP(IW +, X) with g E AP([W, X) and +E C&R', X), and define F:lR'-X by F(t)= /if(u) du. In case either (a) F(R + ) is bounded in X, and X does not contain co, or (b) F(R + ) is weakly relatively compact in X,
the following propositions are equivalent:
F is asymptotically almost periodic.
(ii)
F is weakly almost periodic in the sense of Eberlein. (iii) C$ is improperly Riemunn integrable over Iw i.
Note the particularly interesting fact that, under the conditions of the theorem, for the integral of an asymptotically almost periodic function from Iw + into X, weak compactness and norm compactness of its set of translates in (C&R +, X), 11 11,) turn out to be equivalent.
We pause for the main argument of proof of Theorem 2.2.2.
Sketch ofproof.
Setting G(t) = JJg(u)du, t E Iw, and Q(t) = ]&(u)du, tEIW+, it takes a little technical work to invoke Kadets's result (Theorem 2.1.2 cited above) in order to conclude that, under the conditions of Theorem 2.2.2, G E AP(R, X). This, in turn, reveals that the implication "(ii) implies (iii)" is left as the only hard part of the proof. Thus, assume that F( t ) = G(t) + Q(t) is E.-w.a.p., so that, according to what we know already about G, also @ = F -G is E.-w.a.p. Now, choose any sequence 0 < w, + 00 such that (@(a,)),, converges weakly to some x E X (note that Q', being E.-w.a.p., has weakly relatively compact range). Then assume that for some E > 0 and some sequence 0 < t,, -03, Il@ (tm However, as the examples and special cases presented in [21] show, the problem of whether Eberlein weak almost periodicity is inherited by integrals seems to be very subtle and difficult. In particular, we did not succeed in deriving an integration result for E.-w.a.p. functions of the same general character as for a.a.p. and w.a.a.p. functions, mainly because of the lack of a suitable decomposition result for such functions. According to the DeLeeuw-Glicksberg theory of weakly almost periodic functions [9, lo], E.-w.a.p. functions also decompose uniquely into the sum of (the restriction to [W+ of) an almost periodic function on Iw and a certain critical-part function (P, but we were unable to use the description of + for the purposes of an integration theorem.
Partial results about integrals of E.-w.a.p. functions are Theorem 4.12 and Corollary 4.13 of [21] .
In closing this section, we mention that in [21] we also present examples This section is devoted to a study of asymptotic almost periodicity properties of motions of dynamical systems and C,-semigroups of operators. Since, in practice, such semigroups often are only defined on closed bounded subsets of a Banach space, we place our results in the context of a general complete metric space. Moreover, as any given complete metric is always uniformly equivalent to a bounded one, we shall, throughout this section, assume that X is a complete metric space (with bounded metric d), and, given any completely regular Hausdorff space T, C(T, X) is endowed with the topology of mliform convergence on T.
Furthermore, 7~ : [w x X + X will always denote a dynamical system on X, and (S( t )), a ,, a C,-semigroup of operators on X. For x E X, o'(x) will, as usual, denote the positive o-limit set of 7~( ., x), or of S( .)x--i.e., in terms of a dynamical system, o+(x) = { y E X Ithere exists 0 <t,, + cc such that ~(t,,, x) + y}.
For details and basic results on these concepts, the reader is referred to [18] and [24] .
Asymptotically Almost Periodic Motions
In the context of metric spaces, asymptotically almost periodic functions are defined in the obvious way, replacing the norm function in Definition Assume that (S(t)), ~ o is a CO-semigroup of operators on X. Then, for x E X, the following are equivalent: (ii) the set of operators { S( t ) ) t > 0) is equicontinzcous on y ' ( x ).
Again, as for Theorem 1.2.2, the proof of this result relies heavily on the compactness criterion of Theorem 1.2.3. For details, the reader is referred to
PI.
The most important new result in Theorem 3.1.2, in our opinion, is the equivalence of (a) and (b). We included the other equivalences for our subsequent discussion of the Nemytskii-Stepanov problem.
Note that for a C,-semigroup (S( t )), a o of (generally nonlinear) operators Here, as usual, a subset F of X is said to be minimal if F is nonempty, closed, and invariant and contains no smaller subset with these three properties. cf. [6, Proposition 3.31, [7, Proposition 4.21, [B, Theorem 11, [16, Theorem 1.11, and [18, Part II, Theorem 9 .061. However, they provide the more precise concrete information on such motions r(. , x) [or S( .)r] that
(1) yt (x) being relatively compact is equivalent to m( . , x)1 R+ being asymptotically almost periodic, and (2) hm,+, d(m(t, x), +rr(t, y)) = 0 for a unique y E o+(x) with a(., y) almost periodic.
We sha.ll subsequently show that minimality and equi-almost periodicity of w'(x) are not sufficient for r(. , x) to be asymptotically almost periodic, even if y + (x) is relatively compact.
3.2.
Solution of the Nemytskii-Steparwv Problem In [18, Part II, Section 9, p. 4041, V. V. Nemytskii and V. V. Stepanov posed the problem of characterizing those motions a(. , x) of a dynamical system on X whose positive w-limit set w+(x) is a compact minimal set of almost periodic motions. In order to state the partial results of Nemytskii and Stepanov and of Deysach and Sell [ll] on this problem, we need the following notions from the theory of dynamical systems. DEFINITION 3.2.1 [18] . Assume that r : R x X + X is a dynamical system on X, and x E X.
(a) The motion r(. , x) uniformly approximates o+(x) if, for every E > 0, there exists T = T(E) > 0 such that if L c y'(x) is an arbitrary arc of (time) length greater than or equal to T and y E w+(x), then dist( y, L) < E.
(b) The motion r(. , x) is uniformly positively Lyapunov stable with respect to a set D c X, provided that for every E > 0 there is 6 > 0 such that The problems of whether (a) and (b) are possibly equivalent, whether either of (a) and (b) is also necessary for (c), and (the original problem) necessary and sufficient conditions for (c) were left open; see [18] and [ll, p. 89-911 . We now turn to the solutions of these problems [22] .
First of all, Theorems 3.1.2 and 3.1.3 show that conditions (a) and (b) are equivalent, and in fact are equivalent to the motion r(. , x)lw+ being asymptotically almost periodic.
Next, as the following example shows, condition (c) does not imply (a) or, equivalently, (b). In the example, C(R), denotes the space C(R) with the compactopen topology. EXAMPLE 3.2.2 [22, Example 3.11. Let VT: Iw X C(R), + C(R),, defined by r( w, f) = f,, be the usual translation group on C(W),; let fO( t ) = sin[ t + log( 1+ 1 t I)], t E R ; and consider the corresponding motion v(. , fo). Then we have:
(a) y'( fO) is relatively compact in C(R),, and w'(h) is equal to the set {sin o ) o E BB } of translates of the sine function, and thus is compact, minimal, and even equiperiodic.
(b) The motion v(. , fo)la+ is not asymptotically almost periodic and not even E.-w.a.p.
We note in passing that, starting from this example, we give in [22] an example to the same effect [except for the non-E.-w.a.p. assertion of (b) above] even in the context of Hilbert space I,.
It remains to give the solution to Nemytskii and Stepanov's original problem. Definition 2.61; compare [23] ). A function f E C(R ', X) is said to be remotely almost periodic if, for every E > 0, there exists a relatively dense subset P = P(E) of R + with the property that for every r E P there exists M = M(E, r) > 0 such that d( f(t + T), f(t)) < E for allt>,M. Assume that for a dynamical system T : Iw x X + X and x E X the motion a(. , x)1 w + has relatively compact range.
